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§4.1 ���###LLL§§§½½½ÂÂÂ999eeeZZZ©©©ÙÙÙ

½½½ÂÂÂ 4.1.1 �{Xn, n = 1, 2, · · · }´�GÕáÓ©Ù
��K�ÅCþ,

©Ù¼ê�F (x)(�
;�²���¹§� F (0) =

P (Xn = 0) 6= 1§Pµ = EXn =
∫∞

0 xdF (x), K0 < µ ≤
∞). -Tn =

∑n
i=1Xi (n ≥ 1), T0 = 0. ·�rd

N(t) = sup{n : Tn ≤ t}

½Â�OêL§¡����###LLL§§§.

�#L§���;.~f´Åì"����. 30��§

SCþ��#"�¿m©$1§�d"�3X1����§ê

þ^��#�5O�(b½O�ØI��m)§K1��"�

3X1��m©$1§�§3X2����§Ó�êþ�1n
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�§· · · .ég,�±@�ù
"��¦^Æ·´ÕáÓ©Ù
�§@o�t����¤���"�ê8Ò�¤���#L

§.

5µ3�#L§¥·�ò¯�u)�g���g�#§

XnÒ´1n − 1gÚ1ng�#�å��m§ Tn´1ng�

#u)���§
N(t)Ò´t���cu)�o��#gê.

§4.1.1 N(t)���©©©ÙÙÙ999E[N(t)]������


555���

N(t) <∞�VÇ�1

¯¢þ§dr�ê½Æ��∑n
i=1Xi

n
=
Tn

n
→ µ

±VÇ1¤á. 
µ > 0, ¤±�n → ∞�Tn → ∞, �Ò´
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`Ã¡õg�#��U3Ã����mSu). u´k��

mS�õ�Uu)k�g�#.

N(t) ≥ n ⇐⇒ Tn ≤ t

¤±

P (N(t) = n) =P (N(t) ≥ n)− P (N(t) ≥ n+ 1)

=P (Tn ≤ t)− P (Tn+1 ≤ t)

=P (
n∑
i=1

Xi ≤ t)− P (
n+1∑
i=1

Xi ≤ t)

±FnPTn�©Ù§KFn´F�n­òÈ§Ïd

P (N(t) = n) = Fn(t)− Fn+1(t)
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½½½nnn 4.1.1

M(t) =
∞∑
n=1

Fn(t)

Ù¥M(t) = E[N(t)], ¡�����###¼¼¼êêê.

yyy²²²µµµ d½Â��

M(t) =E[N(t)]

=
∞∑
n=1

nP (N(t) = n)

=
∞∑
n=1

n[Fn(t)− Fn+1(t)]

=
∞∑
n=1

Fn(t)
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½½½nnn 4.1.2 M(t)´t�Ø~¼ê§�é0 ≤ t < +∞,

M(t) < +∞.

yyy²²²µµµ duN(t)´'utØ~�§�M(t)�´Ø~�§

e¡y²M(t)�k�5.

db�F (0) < 1, =P (Xn = 0) < 1(½P (Xn > 0) >

0)§K�3a > 0, ¦� P (Xn ≥ a) > 0, l
P (Xn <

a) < 1. 


F (a) = P (Xn ≤ a) = P (Xn < a) + P (Xn = a)

�
;�P (Xn = a) = P (Xn ≥ a)E¤F (a) = P (Xn <

a) + P (Xn ≥ a) = 1��¹§Ø��0 < b < a ´�

F (b) ≤ P (Xn < a) < 1
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qé?¿�½�t§ðUÀ½��êk§¦kb ≥ t§¤±

{Tk ≤ t} ⊂ {Tk ≤ kb} ⊂ {X1 > b,X2 > b, · · · , Xk > b}c

u´

P (Tk ≤ t)≤ 1− P (X1 > b,X2 > b, · · · , Xk > b)

= 1− [1− F (b)]k

= 1− β

ùpβ = (1− F (b))k > 0. qÏ�

{Tmk ≤ t} ⊂ {Tk−T0 ≤ t, T2k−Tk ≤ t, · · · , Tmk−T(m−1)k ≤ t}

��#«mÕáÓ©Ù, ¤±k

P (Tk − T0 ≤ t, T2k − Tk ≤ t, · · · , Tmk − T(m−1)k ≤ t)
= [P (Tk ≤ t)]m
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dþüª§��

P (Tmk ≤ t) ≤ [P (Tk ≤ t)]m ≤ (1− β)m

é?¿�êj ≥ 0§k

{Tmk+j ≤ t} ⊂ {Tmk ≤ t}

¤±
(m+1)k−1∑
n=mk

P (Tn ≤ t) ≤ kP (Tmk ≤ t).
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nþ��

M(t) =
∑∞

n=1 Fn(t)

=
∑∞

n=1 P (Tn≤t)

=
∑k−1

n=1 P (Tn≤t)+
∑∞

n=k P (Tn≤t)

≤∑k−1
n=1 P (Tn≤t)+

∑∞
m=1 kP (Tmk≤t)

≤∑k−1
n=1 P (Tn≤t)+

∑∞
m=1 k(1−β)m

=
∑k−1

n=1 P (Tn≤t)+k
β
<∞

~~~ 4.1.1 �Ä���mlÑ��#L§{Nj, j =

1, 2, · · · }, 3z���Õá/�BernoulliÁ�§�¤õ�

VÇ�p§�}�VÇ�q = 1 − p. ±Á�¤õ��¯�
£�#¤¦dL§��#¼ê M(k)"

)))µµµ Äk, ´��#��mm�{Xi}�Õá�ÓAÛ
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©Ù

P (Xi = n) = qn−1p, n = 1, 2, · · ·

K1rg¤õ£�#¤u)���Tr =
∑r

i=1XiÑlK��

©Ù

P (Tr = n) =

(
n− 1

r − 1

)
qn−rpr, n = r, r + 1, · · ·

Ïd

P (Nk = r)

=P (Tr ≤ k)− P (Tr+1 ≤ k)

=
k∑

n=r

(
n− 1

r − 1

)
qn−rpr −

k∑
n=r+1

(
n− 1

r

)
qn−r−1pr+1
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¤±�#¼ê�

M(k) =
k∑
r=0

rP (Nk = r)
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§4.2 ���###���§§§999ÙÙÙAAA^̂̂

§4.2.1 ���###���§§§

½½½ÂÂÂ 4.2.1 3M(t)��ê�3�^�e§Ù�êM ′(t)¡

����###���ÝÝÝ§P�m(t). dM(t) =
∑∞

n=1Fn(t)ü>¦��

m(t) =
∞∑
n=1

fn(t)

Ù¥fn(t)´Fn(t)��Ý¼ê.

½½½nnn 4.2.1 M(t)Úm(t)©O÷vÈ©�§

M(t) =F (t) +

∫ t

0

M(t− s)dF (s)

m(t) = f(t) +

∫ t

0

m(t− s)f(s)ds
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Ù¥f(t) = F ′(t).

yyy²²²µµµ Äky²1�ª§d½Â��

M(t) =
∞∑
n=1

Fn(t) = F (t) +
∞∑
n=2

Fn(t)

=F (t) +

( ∞∑
n=2

Fn−1 ∗ F
)

(t)

=F (t) +

( ∞∑
n=1

Fn ∗ F
)

(t)

=F (t) + (M ∗ F )(t)

dòÈ½Â�(M ∗F )(t) =
∫ t

0 M(t− s)dF (s)§l
1�ª

�y. 1�ªd1�ªü>��ê��.

½½½ÂÂÂ 4.2.2 (�#�§) ¡Xe/ª�È©�§��
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#�§

K(t) = H(t) +

∫ t

0

K(t− s)dF (s)

Ù¥H(t),F (t)�®�§��t < 0�H(t),F (t)þ�0.�H(t)3

?Û«mþk.�,¡þã�§�···½½½(Proper)���###���§§§,

{¡��#�§.

½½½nnn 4.2.2 ��#�§¥H(t)�k.¼ê§K�§3

k�«mS�3

��k.)

K(t) = H(t) +

∫ t

0

H(t− s)dM(s) (4.2.1)

Ù¥M(t) =
∑∞

n=1Fn(t)´©Ù¼êF (t)��#¼ê.

òÈ5�:
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···KKK 4.2.1 b�B(t)´üNO\�mëY¼ê,�

B(0) = 0. C(t), C1(t),

C2(t)�1wk.¼ê£5µù
^��±�yòÈk½

Â¤§Kk

(1) max0≤t≤T |B ∗ C(t)| ≤ max0≤t≤T |C(t)| ·B(T );

(2) B ∗ C(t) +B ∗ C2(t) = B ∗ (C1 + C2)(t);

(3) B1 ∗ (B2 ∗ C)(t) = (B1 ∗B2) ∗ C(t).

y²µ·�ky£1¤(¢´�#�§�)§¿�÷v

k.5^�. dM(t)´�#¼ê, ��M(t)k.�üNØ

~, 2dH(t)k.9ª£1¤§é?¿T > 0§k

sup
0≤t≤T

|K(t)| ≤ |H(t)|+
∫ T

0

sup
0≤s≤T

|H(T − s)|dM(s)

≤ sup
0≤t≤T

|H(t)|(1 +M(T )) <∞
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¤±3k.«mþK(t)´k.�. 25w§´Ä÷v�#�

§. dª£1¤§k

K(t) =H(t) +M ∗H(t)

=H(t) + (F + F ∗M) ∗H(t)

=H(t) + F ∗ (H +M ∗H)(t)

=H(t) + F ∗K(t)

���y��5§�Iy²�#�§�?Û)Ñk£1¤ª

�/ª. �K̃(t)´�#�§�)§¿�÷vk.5^�§K

d

K̃(t) = H + F ∗ K̃(t)

ëY��K̃(t), k
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K̃ =H(t) + F ∗ (H + F ∗ K̃)(t)

=H(t) + F ∗H(t) + F ∗ (F ∗ K̃)(t)

=H(t) + F ∗H(t) + F2 ∗ K̃(t)

=H(t) + F ∗H(t) + F2 ∗ (H + F ∗ K̃)(t)

=H(t) + F ∗H(t) + F2 ∗H(t) + F3 ∗ K̃(t)

= · · · · · ·

=H +

(
n−1∑
k=1

Fk

)
∗H + Fn ∗ K̃(t).

5¿�é?Ût,

|Fn ∗ K̃(t)|= |
∫ t

0

K̃(t− x)dFn(x)|

≤ { sup
0≤x≤t

|K̃(t− x)|} · Fn(t)
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db½sup0≤x≤t |K̃(t−x)| <∞,¿�M(t) =
∑∞

n=1Fn(t) <

∞�,

lim
n→∞

Fn(t) = 0, ∀t

l


lim
n→∞
|Fn ∗ K̃(t)| = 0.




lim
n→∞

(
n−1∑
k=1

Fk ∗H(t)

)
=

( ∞∑
k=1

Fk

)
∗H(t)

=M ∗H(t)

u´íÑ

K̃(t) =H(t) + lim
n→∞

[
n−1∑
k=1

Fk ∗H(t) + Fn ∗ K̃(t)

]
=H(t) +M ∗H(t),
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�ª£1¤��.

~~~ 4.2.1 (Wald�ª) �EXi < ∞, i = 1, 2, · · · ,
y²

E(TN(t)+1) = E(X1+X2+· · ·+XN(t)+1) = EX1E(N(t)+1).

yyy²²²µµµ é1�g�#���X1�^�

E(TN(t)+1|X1 = x) =

{
x , e x > t

x+ E(TN(t−x)+1), e x ≤ t

Xã4-1.
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PK(t) = E(TN(t+1)), K

K(t) =E[TN(t)+1] = E
[
E(TN(t)+1|X1 = x)

]
=

∫ ∞
0

E(TN(t)+1|X1 = x)dF (x)

=

∫ t

0

[x+K(t− x)]dF (x) +

∫ ∞
t

xdF (x)

=EX1 +

∫ t

0

K(t− x)dF (x)

ù´�#�§§d�#�§)�35½n,�

K(t) =EX1 +

∫ t

0

EX1dM(x)

=E(X1) · (1 +M(t))

=E(X1) · (E[N(t) + 1]).

555 ùp�Ñ�Wald�ª�y²==´�
�Ñ�#½
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n���A^§¯¢þ|^Õá5·���±����Ùy

².

¯¢þ§

E[TN(t)+1] =
∞∑
k=0

E[

N(t)+1∑
i=1

Xi|N(t) = k]P{N(t) = k}

=
∞∑
k=0

E[
k+1∑
i=1

Xi]P{N(t) = k}

=
∞∑
k=0

(k + 1)E[X1]P{N(t) = k}

=E[X1][k
∞∑
k=0

P{N(t) = k}+
∞∑
k=0

P{N(t) = k}]

=E[X1]E[N(t) + 1]
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§4.2.2 ���###���§§§333<<<���ÆÆÆ¥¥¥���������AAA^̂̂

�Ä��(½5�<��.µB(t)L«3��tå?�

Ñ)Ç, =3[t, t + dt]�m«mSkB(t)dt�å?Ñ). ®

�L��B(t)(t ≤ 0), �ýÿ�5�B(t)(t > 0)§�db½

)�¼êS(x)(���#)å?U
¹�c#x�VÇ¤9)

��c#rÝβ(x)(x > 0)(�c#�x�1�)�å?��

Ç§=β(x)dt�ù�1�3�Ý�dt��m«mS)e�å

?ê)®�.

3��t,kB(t−x)·S(x)dx�å5Ø¬�c#3x�x+

dx�m,£�xccÑ)�å?�¹�xc��<ê¤,3dg

��§ü �mST+Nò)�B(t − x)S(x)β(x)dx�å

?. ddzü �mSd¤k�#ã�å5¤)��å?ê
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A�

B(t) =

∫ ∞
0

B(t− x)S(x)β(x)dx.

�âL���5�)��¹§òþãÈ©©¤üã

B(t) =

∫ ∞
t

B(t−x)S(x)β(x)dx+

∫ t

0

B(t−x)S(x)β(x)dx

ù´���#�§§Ù¥f(x) = S(x)β(x),

H(t) =

∫ ∞
t

B(t− x)S(x)β(x)dx.

�CþO�x = y + t, �

H(t) =

∫ ∞
0

B(−y)S(y + t)β(y + t)dy

5¿H(t)dt´dc#�t½���å53�m[t, t+dt]�

m)��å?ê§d	§z��#)�å?òÏ�3c#

x�x + dx�m)�f(x)dx�å?. u´§z�#)å?3
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k�½)��c#x�c£ØØ=«�¹ku)¤òÏ�

)�F (x) =
∫ x

0 f(t)dt�å?§l
3¨�)¥òÏ�)

�F (∞)�å?.

eF (∞) > 1 �±)�B(t) ∼ Ce−Rt, t → ∞()�L

§Ñ),Ù¥C�~ê§R÷v�§∫ ∞
0

eRyS(y)β(y)dy = 1

=Ñ)�Ç£±9äkd�Ç�<+¤ò±ìC�êO�.

eF (∞) < 1, k > 0, B(t)ìC�ê/ªu0§�Ò´`

<+�ª���§�k� F (∞) = 1�, Ñ)�Çò�ªª

u��k���ê.
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§4.3 ���###½½½nnn

313Ù¥·�®²��§rÝ�λ�PoissonL§�ü

g¯�u)��mm�XnÑlëê�λ��ê©Ù§�Ù�

#¼êM(t) = E[N(t)] = λt, u´

M(t)

t
= λ =

1

E[Xn]
(4.3.1)

@o§éu����#L§´Ä�kù«5�Qº

½½½nnn 4.3.1 (FellerÐ��#½n) Pµ = EXn§K

M(t)

t
→

1

µ
(t→∞), eµ =∞,

1

µ
= 0.

yyy²²²µµµ Äkb�µ <∞, du

TN(t)+1 > t
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ü>�Ï", |^~4.2.1�(Ø,�

µ[M(t) + 1] > t

=
M(t)

t
>

1

µ
−

1

t

l
íÑ

lim inf
t→∞

M(t)

t
≥

1

µ
.

,��¡§�½~êM , -

Xc
n =

{
Xn, Xn ≤M
M, Xn > M
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KXc
n, n = 1, 2, · · ·(½
��#��#L§. -

T cn =
n∑
i=1

Xc
i

N(t)c = sup{n : T cn ≤ t}

duXc
n ≤M , K

T cN c(t)+1 ≤ t+M

2|^~4.2.1, �

[M(t)c + 1] · µM ≤ t+M

Ù¥µM = E(Xc
n),M(t)c = E[N(t)c], dþª�
M(t)c

t+M
≤

1

µM
−

1

t+M

l


lim sup
t→∞

M(t)c

t
≤

1

µM
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qÏ� Xc
n ≤ Xn, �T cn ≤ Tn, N (t)c ≥ N(t),M(t)c ≥

M(t).

u´

lim sup
t→∞

M(t)

t
≤

1

µM
-M →∞, kXc

n→ Xn, E(Xc
n)→ EXn, =

µM → µ

¤±

lim sup
t→∞

M(t)

t
≤

1

µ

|^þã�ª�½n(Ø. �µ = ∞�,2�ÄdXc
n(½�

L§. �M →∞�, µ→∞. dþã�ª�(Ø¤á.

µ < ∞�§½n??�±w��t → ∞�§ M(t) ∼
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t
µ
.ég,, ·�¬ß��t→∞�,éu?¿��h§´Äk

M(t+ h)−M(t)→
h

µ
(=

t+ h

µ
−
t

µ
) (4.3.2)

dù�ß�,ÚÑ
,��­���#½n—Blackwell�

#½n.�
£ãù�½n§·�kÚ\��#�Vg.

½½½ÂÂÂ 4.3.1 (�:©Ù) e�3d ≥ 0, ¦�
∞∑
n=0

P (X = nd) = 1

¡�ÅCþXÑl���:::©©©ÙÙÙ(½¡�ÅCþX�©ÙF´�

:)§¡÷vþã^�����d�d�:©Ù�±±±ÏÏÏ.

555µµµ lþã½Â�U���:©Ù3Ø´d��ê�?

���VÇ�0§�¿Ø�½¤knd (n = 0, 1, 2, · · · )��
��.
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½½½nnn 4.3.2 (Blackwell�#½n) Pµ = EXn§

£1¤eFØ´�:©Ù§Ké��a ≥ 0,�t→∞�,

M(t+ a)−M(t)→
a

µ
.

£2¤eF´�:©Ù§±Ï�d, K�n→∞�,

P (3nd?u)�#)→
d

µ
.

555µµµ Blackwell½n�Ñ,3�l�:�,�Ý�a�

«mS§�#gê�Ï"´a
µ
, �*þù´N´n)�§Ï

�1
µ
�5Ò�±w���m��#L§u)�²þ�Ç(�

SK4.3).�� F´�:�§du�#�Uu)3d��ê�

?, (1)ÒØU¤á
§Ï��#gê�õ�´�6u«m

þ/Xnd �:�ê8§
Ó��Ý�«mS¹kda:�

ê8´�±ØÓ�.
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Ð��#½n´Blackwell½n�AÏ�/. ¯¢þ,

- bn = Mn −Mn−1, �F´��:�, d(1)�

bn→
1

µ
, n→∞

d4��5��

b1 + b2 + · · ·+ bn

n
=
M(n)

n
→

1

µ
, n→∞


é?Û¢êt,

[t]

t
·
M([t])

[t]
≤
M(t)

t
≤

[t] + 1

t
·
M([t] + 1)

[t] + 1

ùp[t]L«t��êÜ©,=Ø�Lt����ê. -t →
∞��

M(t)

t
→

1

µ

ùÒ´Feller½n. �F´�:©Ù�§�ÖögCØy.
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½½½nnn 4.3.3 ('��#½n)Pµ = EXn, �¼êh(t), t ∈
[0,∞), ÷v£i¤h(t)�KØO; (ii)

∫∞
0 h(t)dt <∞. H(t)´

�#�§

H(t) = h(t) +

∫ t

0

H(t− x)dF (x)

�). @o

£1¤eFØ´�:©Ù, k

lim
t→∞

H(t) =

{
1
µ

∫∞
0 h(x)dx, µ <∞

0, µ =∞
£2¤eF´�:©Ù§éu0 ≤ c < d,k

lim
n→∞

H(c+ nd) =

{
d
µ

∑∞
n=0 h(c+ nd), µ <∞

0 , µ =∞
'��#½n�Blackwell½n��d5: ��ÄFØ

´�:��¹§3'��#½n¥§�÷v(i),(ii)
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ü�^��

h(t) =

{
1, 0 ≤ t < a

0, t ≥ a
�\�#�§�), Kk

H(t) =h(t) +

∫ t

0

h(t− x)dM(x)

=

∫ t

t−a
dM(x) = M(t)−M(t− a)

q

lim
t→∞

H(t) =
1

µ

∫ ∞
0

h(x)dx =
a

µ

l
k

lim
t→∞

(M(t)−M(t− a)) =
a

µ
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�L5§dBlackwell½n��, é?¿�a > 0,

lim
t→∞

M(t+ a)−M(t)

a
=

1

µ

�

lim
a→0

lim
t→∞

M(t+ a)−M(t)

a
=

1

µ
.

b�4�gS���, òk

lim
t→∞

dM(t)

dt
=

1

µ

=�té��,kdM(t) ∼ 1
µ
dt q

∫∞
0 h(x)dx < ∞, K�t →

∞�§h(t)ò¯�ªu0,Ïd�tC�é��, éuh(t−x)Ì

��Ä�t− x'���Ò´x'����¹. Kk∫ t

0

h(t− x)dM(x) ≈
∫ t

0

h(t− x)dx ·
1

µ
=

1

µ

∫ t

0

h(x)dx

ù�´'��#½n�(Ø.
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~~~ 4.3.1 ,��ì^�!>³ø>§�>³Æ·Xi(i =

1, 2, · · · )Ñlþ��45�����©Ù§>³���I��

ó¥+�§+�#>³��m Yi(i = 1, 2, · · · )ÑlÏ"
�0.5���þ!©Ù.¦��mó��§��ì��>³�

�Ç.

))) ±N(t)L«���t����>³�gê§²þ�

#�m�E[Xi + Yi] = 45.5��.

���>³��Ç�

lim
t→∞

M(t)

t
=

1

45.5
=

2

91
(g/��)

~~~ 4.3.2 �k��üÑÖ
Õ1§�����w��

Ç�λ�Poisson©Ù§ÑÖ
�z� ��ÑÖ��m´

�ÅCþ§©Ù�þ�� 1
µ
�ê©Ù.�������U3

ÑÖ
�s�âO?5.Á¦µ
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(1)��?Õ1��Ç¶

(2)ÑÖ
ó���m¤Ó�'~.

))) ü���������m��mXiÕáÓ©Ùu

�ê©Ù§�E[Xi] = 1
λ
(i = 1, 2, · · · ); ���ÉÑÖ��

mYiÕáÓ©ÙÑl�ê©Ù§�E[Yi] = 1
µ
(i = 1, 2, · · · ).

(1)��?\Õ1�²þ�m�1
λ

+ 1
µ

= λ+µ
λµ

��?Õ1��Ç� λµ
λ+µ

.

(2)ÑÖ
ó���m¤Ó'~1
µ
/1
λ

+ 1
µ

= λ
λ+µ

.

~~~ 4.3.3 �ÄlÑ�m��#L§N(n), n = 0, 1, 2, · · ·§
3z��m:Õá/�BernoulliÁ�§�Á�¤õ�VÇ

�p§�}�VÇ�q = 1 − p§±Á�¤õ���#¯�§
±M(n)PdL§��#¼ê§¦Ù�#Çlimn→∞

M(n)

n
.

))) ��ügÁ�¤õ��mm�Xi�©Ù�P{Xi =
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k} = pqk−1, k = 1, 2, · · ·§
²þ�#�m�

E[Xi] =
+∞∑
k=1

kpqk−1 = p
+∞∑
k=1

(qk)
′
= p

(
+∞∑
k=1

qk

)′

= p(
q

1− q
)
′
=

1

p

�k

lim
n→∞

M(n)

n
=

1

E[X1]
= p

~~~ 4.3.4 ,>{����>{��gêÑl²þ1©

¨λg�PoissonL§§Ï{�mY1, Y2, · · ·´�pÕá�Ñ
lÓ�©Ù��ÅCþS�§÷v E[Y1] < ∞§b½Ï{
�>{�Ø?5§^N(t)L«���t��>{�5�gê§

Áy

lim
n→∞

E[N(t)]

t
=

λ

1 + λE[Y1]
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))) Ï{(å���S���#L§.e±XiL«1i −
1gÏ{(å�1ig>{�?5�m��m§K�#�m�

�m�Xi + Yi§¦�ÕáÓ©Ù§�²þ�#�m�

µ = E[Xi + Yi] =
1

λ
+ E[Y1]

l


lim
n→∞

E[N(t)]

t
=

λ

1 + λE[Y1]

~~~ 4.3.5 £�{Æ·�c#�4�©Ù¤ ±r(t) =

TN(t)+1− tL«��t��{Æ·§=l t m©�eg�#�

{��m, s(t) = t− TN(t)� t ���c#. ¦r(t)Ús(t)�

4�©Ù.

))): -

Ry = P (r(t) > y)
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é1�g�#���X1�^�, �

P (r(t) > y|X1 = x) =


1 , x > t+ y

0 , t < x ≤ t+ y

Ry(t− x), 0 < x ≤ t

d�VÇúª,k

Ry(t) =

∫ ∞
0

P (r(t) > y|X1 = x)dF (x)

=

∫ ∞
t+y

dF (x) +

∫ t

0

Ry(t− x)dF (x)

= 1− F (t+ y) +

∫ t

0

Ry(t− x)dF (x)

ù´���#�§. §�)�

Ry(t) = 1− F (t+ y) +

∫ t

0

[1− F (t+ y − x)]dM(x)
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ù�Eb�µ = EX1 <∞, K

µ =

∫ ∞
0

xdF (x) =

∫ ∞
0

[1− F (x)]dx <∞

¤± ∫ ∞
0

[1− F (t+ y)]dt =

∫ ∞
y

[1− F (z)]dz <∞

=1− F (t+ y)÷v'��#½n�^�§u´

lim
t→∞

P (r(t) > y) = lim
t→∞

Ry(t)

=
1

µ

∫ ∞
y

(1− F (z))dz, z > 0

c#s(t)�©Ù�dþª�Ñ. 5¿�

{r(t) > x, s(t) > y} ⇐⇒ {r(t− y) > x+ y}
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l


lim
t→∞

P (r(t) > x, s(t) > y) = lim
t→∞

P (r(t− y) > x+ y)

=
1

µ

∫ ∞
x+y

[1− F (z)]dz

AO/

lim
t→∞

P (s(t) > y) = lim
t→∞

P (s(t) > y, r(t) > 0)

=
1

µ

∫ ∞
y

[1− F (z)]dz.

5551µµµ 3A^'��#½n�§~~^�~¥�E|§

k'u,g�# (��é1�g½t��c����g)�^

�
�����#�§§2|^'��#½n.

5552µµµ ~¥���c#��{Æ·�4�©Ù´�Ó
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�§XÛn)ù�(Øº
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§4.4 ���###LLL§§§���ííí222

§4.4.1 òòò´́́���###LLL§§§

�#L§�¦�mm�X1, X2, · · ·´©Ù¼ê�F�Õ
áÓ©ÙS�.XJ�°éX1��¦§#N§ÑlO�©

ÙG§K¡dX1, X2, · · ·(½�OêL§´òòò´́́���###LLL§§§.

~X§34.1!"����~f¥§b�m©*	�

1��"�®²$1
�ã�m§K�§���¦^�

mX1§ÒA@��#"�U¦^��mX2, X3, · · ·ØÓ©
Ù.�´�5¿�´X1, X2, · · ·�m�Õá5E,´7I
�. �±y²éuò´�#L§§4.3!¥�n��#

½n�,¤á(�5¿ M(t) =
∑∞

n=1Fn(t)¥�Fn(t)�A

^F1(t) = G(t), Fn(t) = G ∗ Fn−1(t)(n ≥ 2)5O�Ò�±
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('XF1 ↔ G,F2 ↔ G ∗ F, F3 ↔ G ∗ F ∗ F, · · · , �). �

*þù�´'�w,�§Ï�·�¿Ø@�1�g�#u)

���¬éÃ¡�?��¹ké��K�.

½½½ÂÂÂ 4.4.1 �#L§�¦�mm�X1, X2, · · ·´©Ù
¼ê�F�Õá

Ó©ÙS�. XJ�°éX1��¦§#N§ÑlO�©

ÙG, K¡dX1, X2, · · · (½�OêL§´òòò´́́���###LLL§§§.

§4.4.2 ���###£££���LLL§§§

½½½ÂÂÂ 4.4.2 �

R(t) =

N(t)∑
i=1

Ri

Ù¥{N(t), t ≥ 0}´���#L§, Rn, n = 1, 2, · · ·ÕáÓ
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©Ù��{N(t), t ≥ 0}Õá, K¡R(t)´�� ���###£££���LLL

§§§

555µµµ ù�¶¡´du·��±r Rn w�1ng�#

u)���·��£�. �����#£�L§§�±#

NRn�6uXn(=£��õ������mk')§��¦

�Å�þ� (Xn, Rn)ÕáÓ©Ù.

½½½nnn 4.4.1 £�#£�½n¤e�#m�X1, X2, · · ·÷
vEX1 <∞,

zg���£� {Rn}÷vER1 <∞. K

(1)

lim
t→∞

1

t
R(t) =

ER1

EX1
w.p.1;
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(2)

lim
t→∞

1

t
ER(t) =

ER1

EX1
.

~~~ 4.4.1 £�¬�?üÑ¤�,úi¤ÈÑû¬æ�

Xe��üÑ: e�¬ÈÑ�, 3Ï�wS��,K�¤��

Ó��¬. e3(w,w + T ]Ïm��,KU¦^�mòd�

�#�¬. ¿�é3(0, w] S���#�¬�1�5���

Ï,
é3(w,w + T ]Sòd���#�¬,l����­#

O���Ï. ?Ø�Ï�1düÑé�[�K�£=�[�

Ï"|d´õ�¤,b½���¬��,��á���!ò�

½ö	ï#�.

)))µµµ �t = 0�^r	ï��#�¬,Èd�c,¤�c0 <

c,�¬Æ·�X,§�©Ù¼ê�F (t), EX = µ < ∞. �

^r��üg	ï£���d	ïÚò���§�Ø�
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)�¤��¤�m��Y1, Y2, · · · . N´¦Ñ Y1, Y2, · · ·Õ
áÓ©Ù£Ï�zg����¬Ñ´#�¤. PYi�©Ù

�G(t). ±N(t)P(0, t)�mS���gê, Tn�1ng��

��, M(t) = E[N(t)].

ÄkO�^r3(0, Y1)S�Ï"s¤�EY1. d¤�^

���,é^r
ó,��üÑ�{
0, y ≤ w
c(y−w)

T
, y > w

Ù¥y�¦^�m,dY1�¹Â�,Y1 = w + Rw(Rw��¬

3w����{Æ·), Y1 = TN(w)+1,Xã4-3¤«.
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l


Ḡ(t) =P (Y1 > t)

=

{
1, 0 ≤ t ≤ w
P (w+Rw>t)=F̄ (t)+

∫ w
0 F̄ (t−x)dM(x), w < t

EY1 = E[TN(w)+1] = µ(1 +M(w))

�(0, Y1]S^rs¤�c1§K

c1 =

{
c, Y1 > w + T
c(Y1−w)

T
, w < Y1 ≤ w + T

¤±

Ec1 = cḠ(w + T ) +
c

T

∫ w+T

w

(t− w)dG(t).

)�

Ec1 =
c

T

∫ T

0

Ḡ(w + x)dx =
c

T

∫ T

0

P (Rw > x)dx
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u´

c(w, T ) =�Ï²þ¤^ =
Ec1

EY1
=
c
∫ T

0 P (Rw > x)dx

Tµ[1 +M(w)]

éúi
ó§Ù|d�^rG¤¤�Â\�¤���§

3(0, w]�mS�¤���¬��ê�Ï"��E[N(w)] =

M(w). Ïd§3��	ï±Ï(0, Y1]S,úi¤G¤��

c0[M(w) + 1]§úilz�^r¤���Ï²þ|d�

c(w, T )−
c0[1 +M(w)]

µ[1 +M(w)]
= c(w, T )−

c0

µ
.

§4.4.3 ���OOO���###LLL§§§

½½½ÂÂÂ 4.4.3 3�#L§¥§·��ÄXÚ�k��G

���¹,'XÅì��´m�£=��"�ØI�m¤. 


¢S¥§"�����§¬k��
�§���L§ùã�
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mÅì´“'0�.ùp·�Ò5�Äk“m0“'0ü«G�

��#L§,·�òù«L§¡� ���OOO���###LLL§§§.

5551µµµ �XÚ�Ð´m�§±Ym��m´Z1§
�'

4, �m�Y1 ,��2�m§�m�Z2, q'4, �mY2, · · ·
�O?1, z�XÚ��m¡��g�#.

5552µµµ ·�b��Å�þ�{(Zn, Yn), n = 1, 2, . . . }´
ÕáÓ©Ù�§l
{Zn}, {Yn}Ñ´ÕáÓ©Ù�§=Zi, Yj3i 6=
j�Õá§�Zi, Yi#NØÕá.

½½½nnn 4.4.2 �H´Zn�©Ù§G´Yn�©Ù§F´Zn+

Yn�©Ù. ¿P P (t) = P (t��XÚ´m�)§�E(Yn +

Zn) <∞§�FØ´�:�, K

lim
t→∞

P (t) =
EZn

EZn + EYn
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yyy²²²µµµ é1�g�#���X1 = Z1 + Y1�^�VÇ,

�

P (t��XÚmX|X1 = x) =

{
P (Z1 > t|Z1 + Y1 > t), x ≥ t
P (t− x), x < t

K

P (t) =

∫ ∞
0

P (t��XÚmX|X1 = x)dF (x)

=P (Z1 > t) +

∫ t

0

P (t− x)dF (x)

= H̄(t) +

∫ t

0

P (t− x)dF (x)

þ�§�)�

P (t) = H̄(t) +

∫ t

0

H̄(t− x)dM(x)
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q
∫∞

0 H̄(t)dt = EZ1 < ∞�w,H̄(t)�KØO§d'��

#½n�

lim
t→∞

P (t) =

∫∞
0 H̄(t)dt

E(Y1 + Z1)
=

EZ1

EZ1 + EY1


